Thyroid cancer is the most prevalent endocrine neoplasia in the world. The use of mathematical models on the development of tumors has yielded numerous results in this field and modeling with differential equations is present in many papers on cancer. In order to know the use of mathematical models with differential equations or similar in the study of thyroid cancer, studies since 2006 to date was reviewed. Systems with ordinary or partial differential equations were the means most frequently adopted by the authors. The models deal with tumor growth, effective half-life of radioiodine applied after thyroidectomy, the treatment with iodine-131, thyroid volume before thyroidectomy, and others. The variables usually employed in the models includes tumor volume, thyroid volume, amount of iodine, thyroglobulin and thyroxine hormone, radioiodine activity, and physical characteristics such as pressure, density, and displacement of the thyroid molecules. In conclusion, the mathematical models used so far with differential equations approach several aspects of thyroid cancer, including participation in methods of execution or follow-up of treatments. With the development of new models, an increase in the current understanding of the detection, evolution, and treatment of diseases is a step that should be considered.
Introduction
Thyroid cancer is described as a malignant thyroid gland tumor, and although it accounts for less than 1% of all human cancers, it is the most prevalent endocrine neoplasia in the world (Sipo and Mazzaferi 2010) . This malignant neoplasm has several subtypes and the frequency between them varies greatly. Papillary and follicular carcinomas are developed from follicular thyroid cells, and correspond to 80-85% and 10-15% of the cases, respectively, whereas the Jairo Gomes da Silva jairo.silva@bag.ifmt.edu.br 1 Instituto de Biociências, Programa de Pós-Graduação em Biometria, Universidade Estadual Paulista (UNESP), Distrito de Rubião Júnior, Botucatu, SP, 18618-689, Brazil medullary thyroid carcinoma representing 3-4%, develops from the C cells. The anaplastic thyroid cancer, 1-2%, is composed of undifferentiated cells, in which the tumor cells do not resemble normal thyroid cells or form follicles. This last subtype consists of thyroid stem cells, which are generally indifferent to radioactive iodine, thyroid stimulating hormone (TSH), and all currently available treatments (Fagin and Wells 2016; Lin 2011; Parameswaran et al. 2010) .
Iodine is an essential element for the synthesis of thyroid hormones. After being captured in the bloodstream, it is directed to the glandular cells and thyroid follicles. The rate of iodine uptake by the gland thyroid is influenced by several factors, and one of the most important is the TSH, which triggers this process (Swan et al. 2018) . The transport of iodine to the thyroid is mediated by the sodium/iodide symporter (NIS) (Carvalho and Ferreira 2007) ; this glycoprotein according to Ringel et al. (2001) has markedly reduced expression in thyroid cancerous tissues, which should hamper the concentration of iodine at these sites.
Tumor markers in the blood are not used for the definitive diagnosis of cancer; however, they are useful for screenings and in some situations are essential tools in quantifying responses to therapy or detecting recurrence of the disease (Kumar et al. 2014) . Several studies involving predictive models of benign or malignant tumors have been performed based on hormonal dosages and in the presence of markers in patients with suspected cancer or in treatment (Barbolosi et al. 2017; Kolpak et al. 2016; Liu et al. 2018; You et al. 2009 ).
In general, a mathematical model is a simplified representation of a real-world object. From models, phenomena can be explained and predicted, as the preypredator model used to study the interaction between some populations. In addition, models can be used in decisionmaking processes and knowledge communication (Schichl 2004 ). Mathematical models have long been used to study real phenomena linked to human health. An example of application refers to the work of Danziger and Elmergreen (1956) , which develops a model involving the thyroid gland. In this study, the authors defined nonlinear differential equations related to thyrotropin, enzyme, and thyroid hormone concentrations over time. From the model, many concepts about the endocrine system were discussed, such as the production of thyrotropin-releasing hormone (TRH) and hormones, iodine intake, hypothyroidism, estimation of parameters, and others.
According to Barbolosi et al. (2016) , the area of cancer research in general has experienced the possibility of innovation in techniques or treatments personalized from mathematical models. As example, in thyroid cancer, some models have been published with the objective of evaluating the efficiency of procedures and determining prognostic factors for differentiated carcinomas. From these models, it is possible to know the predictability of results and, consequently, a change in procedures over the course of treatment if necessary (Barbolosi et al. 2017; Yildirim 2005) .
The approach of clinical oncology in terms of mathematical modeling is revised in Park (2016) ; in this review article, the author presents several texts published with mathematical models about cancer. The different models deal with aspects of the disease such as tumor size, which discusses the use of analytical or differential equations, models for tumor markers, biomarkers, adverse effects after treatments, and progression-free survival.
Faced with the complexity of cancer, mathematical models are currently seen as a valuable research tool, and the use of differential equations highlight as the main means of study from several papers (Abduvaliev et al. 2015; Hori and Gambhir 2011; Park 2016; Jackson 2004; Rodrigues et al. 2016) . Ordinary differential equations (ODE) contain functions of one variable, commonly time, and derivatives from this same variable, whereas partial differential equations (PDE) have functions with two or more variables and their partial derivatives. When applied to biology, ordinary and partial differential equations generally measure changes in populations or concentrations of substances in the time dimension, or space and time, respectively (Boyce and DiPrima 2012; Hirsh et al. 2004 ).
Thus, motivated by the fact that experiments guide theories and theories foster experiments (Komarova 2005) , this systematic review seeks to provide a current assessment of the use of mathematical models involving mainly differential equations in the study of tumors and development and treatment of thyroid cancer.
Material and methods

Search strategy
This systematic review was performed based on the preferred reporting items for systematic reviews and metaanalyzes (PRISMA) methodology (Moher et al. 2009 ). The literature search was made through the Web of Science, PubMed, Scopus, Cochrane Library, Embase and LILACS databases, and in the Google Scholar references search site. Different bibliographic sources were consulted because besides to mathematical models of biological phenomena being published in health journals; they are also available in journals of applied mathematics, or the like. The cited collection occurred in March 2018. Any publications that had some relation between mathematical models and the thyroid gland were surveyed. The search terms used were as follows: "mathematical modeling" "thyroid," "mathematical model" "thyroid," "mathematical model" "iodine," "mathematical model" "thyroidectomy," "mathematical model" "therapeutic nuclear thyroid," "differential equations" "thyroidectomy." The expressions "mathematical modeling of thyroid" and "mathematical model of thyroid" were used only on Google Scholar for refinement in the search. In the Embase database the search was performed from the keywords "Applied Mathematical Modeling" and "thyroid cancer." The lists of references provided by Google Scholar were in general very numerous, and therefore, the collection of articles occurred only among the first 40 suggested texts for each search term. For management of the papers and verification of duplicates the Mendeley software was used. As for the language, the literature collected was in English, Spanish, or Portuguese.
Inclusion and exclusion criteria
The first filter used to select a work was that it should approach the thyroid gland using a mathematical model. Inclusion criteria were as follows: (1) the study should address some characteristic of thyroid cancer; (2) the study should present some mathematical model applied to the identification, evolution, treatment, or follow-up of the disease; (3) the mathematical model in the study should preferably include ODEs or PDEs systems. Studies were excluded when they were related to other diseases of thyroid, such as Graves' disease, hyperthyroidism and hypothyroidism, and the like. The selection process consisted primarily of reading the title and abstract. In cases where this process was still in doubt as to the fulfillment of the inclusion or exclusion criteria, the text was read in its entirety. Although criterion (3) is considered central to the scope of this review, two papers involving nondifferential equations were accepted. A complete diagram of the collection and selection of articles is presented in Fig. 1 .
Data extraction
The data and the main features for analysis and comparison between the selected studies were independently extracted in accordance with the inclusion and exclusion criteria. For each paper, the following information were collected: authors, study title, the year of publication, if some biological sample was used, type of model, main subject, and variables used in mathematical models.
Availability of data and materials
The datasets used and/or analyzed during the current study are available from the corresponding author on request. 
Results
The literature search found articles published between 2006 and 2017. Four hundred twenty-four articles were collected with a total of 114 duplicates. At the end of the selection process, seven articles were considered according to the established criteria. Although some diseases present a much greater number of papers with ODE or PDE than thyroid cancer, the articles found deal with the disease considering several stages of its development. However, the number of published articles focusing on thyroid cancer can be considered scarce.
From the search, it was noticed that the presence of mathematical models in the study of the thyroid gland is quite common, articles with modeling on diseases or processes such as thyroid function, hypothalamuspituitary-thyroid axis, Graves' disease, hypothyroidism or hyperthyroidism, goiters are frequent (Abduvaliev et al. 2015; Danziger and Elmergreen 1956; Goede et al. 2014; Hoermann et al. 2013; Langenstein et al. 2016; Leow 2016) .
As for the articles that were included in the systematic review, an overview of each is given as follows. In Lubitz et al. (2016) , there is a mathematical approach using an ODE model with logistic growth for both benign and malignant thyroid tumors. In the text are modeled some characteristics as tumor volume over time, development rate, and detection rate among others. Moreover, a carrying capacity for the tumor in the final phase of the anomaly is proposed. From the parameter estimation, the researchers approached data about the number of cases of onset, initial growth, and development of thyroid nodules and cancer in the US population. In addition, the research aims to provide a framework for assessing the adequacy, efficacy, and cost-effectiveness of papillary thyroid cancer treatment.
In Ruggieri et al. (2008) are discussed some techniques to estimate the preoperative thyroid volume in patients undergoing to total thyroidectomy and is presented a novel mathematical equation to obtain this value. The validation of the results is made by comparing the estimated data with postsurgical tumor volume. From the study, it is intended to provide a more accurate way to measure thyroid gland than the use of two-dimensional ultrasonography. The developed mathematical model is a linear equation. The paper compose this review because of the general aspect of mathematical modeling in a process also related to the treatment of thyroid cancer.
In order to model the diffusion of a thyroid nodule, in Kolpak et al. (2016) , the authors present two models of differential equations: an ODE model on the normal functioning of the thyroid, and a PDE model on the diffusive process of a nodule. Both models act on thyroid follicles, in which they consider reactions such as uptake and binding of iodine to thyroglobulin, formation, and accumulation of thyroxine (T4) hormone. According to the authors, abnormal growth of thyroid gland may be accompanied by various disorders in some of its functions, such as, iodine uptake, hormone production, control over the transfer of hormones to the bloodstream, and so on. The article works with tumor markers and assumes as variables the concentrations of iodine, thyroglobulin, T4 hormone, and concentration of tumor cells. The system that deals with nodules considers that tumor cells evolve spatially and temporally.
The detection of thyroid cancer nodules by means of PDE models that simulate the propagation of sound in order to detect the presence of tumors by measuring the frequency of resonances is analyzed in Gavriloaia and Gavriloaia (2010) . In this work, among the ways of investigating the thyroid from the dynamic point-of-view, the article addresses the use of acoustic. According to the authors, it is possible to verify the existence of thyroid nodules by measuring the lowest resonance frequency, when the reflected signal amplitude is minimal. It is worth mentioning that the method is non-invasive and brings the possibility of early treatment for the disease, including the chance of thermal treatments to the nodules.
The use of drugs in the treatment of thyroid cancer should be analyzed by efficiency in the healing process and side effects. In general, adverse effects related to drug toxicity depend on parameters, such as dose, routine, and period of medication administration (Carneiro et al. 2015) . In Traino and Di Martino (2006) , the authors discuss from some mathematical models the quantities of 131 I for the ablation of thyroid remnants postsurgery or metastasis. The ablation process is aimed to eliminate cancer residues, possibly present in thyroid bed or other body organs, and thereby enabling the use of thyroglobulin (Tg) as a tumor marker in order to evaluate the success of the treatment over time. The model is formulated so that the amount of remaining cells is minimal according to a threshold value, and enables the individual calculation of the optimum therapeutic activity to be administered to the patient.
An ODE model representing different levels of iodine variations in five compartments of the human body is presented in Chen et al. (2007) . According to the authors, the evaluation of iodine effective half-life is essential in patients following ablation of thyroid remnants due to dose prediction and cancer risk assessment. Through the equations model and experimental data collected from follow-up to five patients undergoing to ablation of the thyroid gland and scan using a gamma camera, the study verifies how the effective half-life of iodine varies in selected cases.
Lastly, the article of Barbolosi et al. (2017) brings a mathematical model of ODE and presents an algorithm for estimation of parameters according to individualized data from patients who underwent thyroidectomy, and subsequently developed metastasis. The strength of the model is to be able to verify the effectiveness of iodine 131 ( 131 I) treatment over therapeutic dose applications, and this is done from the prediction of relapse based on partial data thyroglobulin levels and tumor doubling time in each patient. The results of the model consist in the establishment of criteria for patients submitted to radioiodine therapy so that they can be classified as responders or not while the treatment is in progress. As a result, the research findings provide the possibility of perform the treatment follow-up in a personalized way.
The main information about the mathematical models and each selected work are summarized in Table 1 .
Discussion
A challenging aspect of the use of mathematical models concerns the estimation of parameters and in some papers of this review the realization of this process is observed (Barbolosi et al. 2017; Chen et al. 2007; Lubitz et al. 2016) . However, for accomplishing this task, a database and appropriate methods should be used. In Kolpak et al. (2016) , some parameters have their values taken from published literature, while others are assumed to correspond reasonably to the biological processes involved. A second fundamental characteristic related to modeling concerns the quantity and quality of the variables used. In general, the choice of the set of variables refers to the aspect to be elucidated and to the degree of complexity or realism to be obtained with the model (Park 2016) .
To understand the variables used in the articles that compose this review, it is necessary to know the main processes on the functioning of the thyroid gland and in the stages of development and treatment of cancer. The hypothalamus-pituitary-thyroid (HPT) axis is a feedback system that represents a synthesis of the functioning of this gland in the human body. When the hormones produced by the thyroid are in low amounts, the hypothalamus takes cognizance through negative feedback and begins to secrete TRH, which plays the role of stimulating the production of TSH (Degon et al. 2008) . The pituitary gland is the organ responsible for the production of TSH after receiving the stimulus. Once this hormone enters the bloodstream, it reaches the thyroid, triggering the processes of iodine uptake, synthesis of thyroglobulin, and release into the blood of hormones triiodothyronine (T3) and T4 that were stored.
The two major hormones secreted by the thyroid are T4 and T3, which are formed within the thyroglobulin molecule in a quantitative T4:T3 ratio of almost 15:1 (Leow 2016; Hoermann et al. 2013 ). On the relationship between serum Modeling therapeutic response to Efficiency of Radiodine (Barbolosi et al. 2017) radioiodine in metastatic thyroid 2017 Yes ODE radiodine activity cancer: a proof-of-concept study treatment in Tumor cells for individualized medicine thyroid cancer Thyroglobulin T4 and serum TSH, some studies suggest that this is not log-linear (Hadlow et al. 2013; Hoermann et al. 2010) . Basically, the development of thyroid cancer occurs through the sequential accumulation of changes in the genes leading to the stimulation of cell proliferation, invasion, and other carcinogenic properties (Dralle et al. 2015; Efanov et al. 2017; Lin 2011) . According to Dralle et al. (2015) , processes of evolution and dedifferentiation of thyroid cancer are more frequent in tumors with mutations in the BRAF and RAS genes, and naturally involve the accumulation of additional genetic mutations.
Each malignant tumor in the thyroid gland should receive a specific treatment according to its subtype, the degree of mutation and its stage of evolution. As an example, it may be mentioned that the effectiveness of radioiodine therapy in metastases generally produces excellent prognostics when they are avid for iodine (Barbolosi et al. 2017) . In this regard, in many situations, it is common and indicated to administer drugs to alter hormone levels in patients before treatments, in order to optimize responses to therapies (Bonnema and Hegedüs 2012; Oh et al. 2017) .
The choice of variables is a decisive step in the modeling process; this phase influences the design of the data that will be used and the main results to be obtained. In the papers that form this review, the following variables were considered: tumor volume or thyroid volume, amount of iodine, thyroglobulin and T4 hormone, radioiodine activity, tumor cells, and physical characteristics such as pressure, density, and displacement of the thyroid molecules. However, mathematical models that directly involve genes or immune system were not found.
In this review, several types of mathematical models on thyroid cancer were studied and the ODEs were the means most frequently adopted by the authors. From this tool, aspects such as tumor growth (Lubitz et al. 2016; Kolpak et al. 2016) ; effective half-life of radioiodine applied after thyroidectomy (Chen et al. 2007) ; and the efficiency of the treatment with 131 I in metastatic thyroid cancers (Barbolosi et al. 2017 ) could be addressed. Otherwise, the PDEs were considered in the study of the diffusive process of tumors (Kolpak et al. 2016 ) and detection of nodules, with a suggestion of thermal treatment from the results obtained (Gavriloaia and Gavriloaia 2010) .
Linear or linear-quadratic analytical equations were used in two works: Ruggieri et al. (2008) , in which a method was proposed to obtain thyroid volume before thyroidectomy, and Traino and Di Martino (2006) , where the optimum dose of 131 I in order to achieve maximum elimination of remaining thyroid tissue after removal of the gland was estimated.
On the subtypes of modeled cancers, the papers (Barbolosi et al. 2017; Lubitz et al. 2016; Chen et al. 2007 ) focused on papillary thyroid cancer, Ruggieri et al. (2008) and Gavriloaia and Gavriloaia (2010) dealt with thyroid cancer in general, and Traino and Di Martino (2006) refers to differentiated cancer. In Kolpak et al. (2016) , since the main model predicts a cessation in iodine uptake, and consequently, the nonproduction of thyroglobulin and T4 hormone by the thyroid cells, this work may be related to anaplastic thyroid cancer. Therefore, although there are few works involving mathematical models about thyroid cancer, those published until May 2018 address aspects of almost all subtypes of thyroid cancer. In addition, they discuss distinct stages of the disease and leave open the need for more work with the use of databases and investigations on the influence of genes, immune system, and tumor markers in future research.
Conclusions
According to the articles reviewed, mathematical models can be used to aid in the detection of abnormalities in screenings and predict responses, efficacy, and toxicity during treatment planning or adaptation in patients with thyroid cancer. In particularly, the following aspects related to this disease were verified: thyroid volume and tumor growth, nodule detection, evaluation of the effective halflife of iodine 131 in patients who undergo thyroidectomy, besides the effectiveness of radioiodine in patients with metastases. The mathematical models found used ODE, PDE, linear, and linear-quadratic-type equations. Compared to other types of cancer, the number of models found was reasonable, however, capable of generating important results on the main aspects of the disease. Considering the increasing number of nodules detected each year and the recent discoveries about treatments and evolution of thyroid carcinomas, the development of new mathematical models in thyroid cancer is an promising contribution, and knowledge of current models should be an important step in this process.
